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Abstract

In the article, students’ responses to some classical paradoxes related to infinity were investigated by considering the traditional
methods and later by considering a new methodology for dealing with infinity (grossone methodology) which was introduced to them
briefly. Eleven students of grade 12 participated in this study.

In phase 1, the students (who study in the traditional methods) provided their intuitive resolutions to three paradoxes of infinity.
In phase 2, the students were introduced to the grossone methodology after which they were asked to resolve the same paradoxes us-
ing this methodology in phase 3. After being presented by the normative and the grossone-based resolutions, the students reflected
on them inwriting.

Results of this study showed that students’ intuitive solutions were similar to grossone-based solutions of the three considered
paradoxes. Therefore, the students accepted those solutions.

This study shows the relevance of using an alternative method, which is the grossone methodology, in order to simplify resolutions
of some paradoxical situations with infinity for undergraduate students.
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Annomayusn

B craTbe omucaH OMBIT IPUMEHEHU A HOBOT'O MATEMAaTUIECKOI'0 A3hIKA (METOHOJIOTHA IPOCCYaHa) B pab0oTe CO CTAPIIINMHU IITKOJIbHUKAMU.
B skcmepuMeHTe IPUHANNA yYacTHe OQUHHAAIATEL ydaruxcesa 12 Kjaacca cpefHeil mKobl B JluBare. IM GBLIO IPEIJIOKEHO PEIIUTH
KJIaCCUUECKHUe MapaJgoKChl 6ECKOHEUHOCTH JBYMS CIIOCO0aMU: TPAAUIIMOHHLIM U HOBLIM (METOJOJIOTHS I'POCCyaHa).

Ha mepBoM sTame NIKoJILHUKY, KOTOPBIE yUaTCA 0 TPAJUIIMOHHON ITPOTpaMMe, IIPEeAJIOKIIN NHTYUTABHBIE PEIIIeHUA TPEeX MapagoKCcoB
6eckoneunoctu. Ha BTopoM sTame oHM N3yUYNIN HOBBIM MaTeMaTUIECKU TepMUH (I'Poccyan), mocJie 4ero (Ha TpeTheM Talle) pasperiuin
Te JKe MapaJoKChl, NCIOJIb3Ys HOBYIO METOHOJIOTHIO. 3aTeM yualliiecsa CPABHUIN Pe3yAbTAaThl CBOUX PEIIeHU MUCbMEHHO.

PeayabTaThl TOTO 9KCIIEPUMEHTAa TOKA3aJIU, UTO, UCIOJIb3YA I'POCCYaH, IIKOJbHUKN CMOTJIN PEIUTh NapagoKCchl 0€CKOHEUHOCTH
(TIOJTHOCTBHIO WJIM YaCTUYHO), 4 UHTYUTUBHBIE PEIICHUA YUAIIUXCA ObLIN aHAJIOTMYHBI PEIIeHNAM TPeX PACCMaTPUBAEMbIX IIapaJoKCOB
C IpUMEHEeHWEeM rpoccyaHa (II03TOMY IIKOJbHUKM COUJIU WX yOequTenbHbIMU). HOBBII MaTeMaTUUECKUN A3BIK IOKAa3aJ CBOIO
5(P(PEeKTUBHOCTD He TOJHKO B PEIIIEHUN BOIIPOCOB 0ECKOHEUHOCTH, HO U B MOMBITKAX IIIATHYTh 34 IPEeJbl OCBOCHUA MATEMATUIECKUX
nouaTui no reopuu APOS.

ITanHOe nccie[0BaHTE TOKA3bIBAET AKTYaJbHOCTD UCIIOJb30BaAHNA AIbTEPHATUBHOTO METO1a 00'bACHEHUA TapaJOKCOB 0ECKOHEUHOCTH,
KOTOPBIM ABJISAETCA UCIIOJb30BAHUE I'POCCYaHA, IJIA IIKOJIbHUKOB U CTYAEHTOB MJIAAINNX KYPCOB.

Knroueswre cnosa: treopusi APOS, meTomosorus rpoccyasa, 6eCKOHEUHOCTD, TapagoKChl 6ECKOHEUHOCTH.

M nsa yumuposanus:
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u obpasosanue. 2023;38(1):83—-91. (Ha aurs.) DOI: 10.32517/0234-0453-2023-38-1-83-91
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1. Introduction

Paradoxes have occupied the human mind so long
and the concept of infinity is strongly correlated to
many mathematical paradoxes. Exploring the infinite
hasled to several paradoxes and, conversely, paradoxes
related to infinity have paved the way to exploring
infinity.

During the 5th century B.C., the Greek philoso-
pher Zeno presented several paradoxes of infinity. For
instance, he proposed that in order to move a certain
distance, one has to cut half the distance first. Again,
in order to cut half the distance, one has to cut half of
it, then half of the remaining distance and so on... which
implies that motion is impossible! Another paradox
considers a race between the Achilles and the tortoise.
The tortoise was given a head start. Zeno argued that
the Achilles can never reach the tortoise, since by the
time the Achilles reaches the point where the tortoise
was, the tortoise will have got further [1].

Many are the studies that highlighted how the
human mind deals with paradoxes and analyzed them
[2—6]. Some studies went further by considering para-
doxes as an educational tool through which infinity
would be explored [7, 8]. The aim of this study was to
check the efficiency of a new methodology: “grossone
methodology” [9] in helping the students to cope with
paradoxical situations involving infinite iterations.
This required an analysis of students’ responses to cer-
tain paradoxes related to infinity by using the grossone
methodology and analyzing their responses when tradi-
tional methods were used, after which a comparison of
their arguments using the two methods was promoted.

To make it clear, this study raised questions of how
would twelfth graders deal with paradoxical situations
related to infinity? How would they deal with the same
situations using the grossone methodology?

2. Related literature

Paradoxes of infinity are the core of many studies
related to infinity. This could be due to the importance
of infinite processes in the undergraduate mathematics
curriculums (sequences, series, limits...). E. Dubinsky et
al. affirmed the beneficial effect of paradoxes in inves-
tigating conceptions of infinity[3, 4]. They claimed that
through using the mental mechanisms: interiorization
and encapsulation, one might be able to resolve an infi-
nite iterative process paradox. In a more specific study,
E. Dubinsky et al. observed how students think about
the “Tennis Ball Problem” which involves coordination
of three infinite iteration processes [5]. They provided
an APOS analysis of the mental constructions needed
to solve the problem. Results of this study showed that
only one out of fifteen students was able to provide a cor-
rect mathematical solution for this problem.

E. Fischbein [6] pointed out that the problem in
Zeno’s paradoxes lies in the spatial interpretation of
time and motion which are not infinitely divisible.
He showed that the solutions of Zeno’s paradoxes are

psychological rather than mathematical. D. Tirosh [10]
considered that the contradictions faced by students
regarding infinite sets could raise students’ awareness
of the importance of the formal definitions in mathema-
tics. Aligning with her study, N. Movshovitz-Hadar
& R. Hadass [7] found out that engaging students in
solving paradoxes would develop a cognitive conflict
that could result in construction of new cognitive
structures. Moreover, they pointed out the importance
of paradoxes in provoking discussions which serve in
developing students’ mathematical thinking.

A. Mamolo & R. Zazkis [8] used paradoxes as
a research tool in order to investigate students’ un-
derstanding of infinity before and after instruction
on cardinality equivalences. Results showed a slight
change in students’ intuitive approach when dealing
with contexts related to infinity after instruction. A.
Mamolo & R. Zazkis recommended an instructional ap-
proach that helps students to separate their intuitions
from formal considerations. Moreover, A. Mamolo & R.
Zazkis observed students’ appeal to process conceptions
of infinity and resistance to the actual one. This result
is compatible with the results of numerous studies done
on conceptions of infinity.

As it is clear from the literature review, introduc-
ing paradoxes to undergraduate students is of great
importance. On the other hand, the results also show
that most undergraduate students are not able to cope
with paradoxical situations even after getting some
special instruction. A consequence of such experiences
could be negative beliefs of infinity as well as feelings
of fear or unease when dealing with infinity[11]. So one
would think of trying to approach paradoxes related to
infinity by using a different method which involves con-
vincing arguments for undergraduate level students.

3. Theoretical background

In this section, we present the theoretical frame-
work in which the results were studied and analyzed.

3.1.The APOS theory

The APOS theory, devised by E. Dubinsky &
M. A. McDonald [12], is a constructive theory of learn-
ing that isbased on Piaget’s theory of reflective abstrac-
tion. It is suitable for undergraduate level studies and
provides a deep insight on the formation of mathemati-
cal concepts in individuals’ minds. According to E. Du-
binsky & M. A. McDonald, when an individual is faced
with a problem situation, s/he uses mental mechanisms
like interiorization, coordination, and encapsulation in
order to construct mental structures that help in mak-
ing sense of the situation. These mental structures are
termed as actions, processes, objects, and schemas. Ac-
tions refer to the transformations that are triggered by
memory or step-by-step instruction. Processes require
transformations that take place in the mind without
explicit execution of the steps. When the process is
viewed as a totality in which transformations can be
applied toit, the individual will have reached the object
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level. This happens through encapsulating the process
into a cognitive object. The collection of the actions,
processes, and objects of a certain mathematical concept
form a schema which serves as a framework that can be
used in problem situations involving this mathematical
concept [12].

E. Dubinsky et al. [4] suggested an APOS analysis
of the concept of infinity. They proposed that a process
thinking of the infinite refers to an understanding of
potential infinity. This is the case when an individual
interiorizes infinity to a process that is endless without
carrying out the steps explicitly. On the other hand,
they related an object thinking of infinity to the under-
standing of actual infinity. In this case, the individual
should have the ability to envision the whole process as
a totality and encapsulate it to a cognitive object.

3.2. A brief introduction to the Arithmetic of Infinity

The Arithmetic of Infinity, introduced by Yaroslav
Sergeyev” in 2008 [9], provides a new way of dealing
with infinity and the infinitesimals. The main prin-
ciple of this methodology is the separation between
the mathematical objects and the numeral systems
representing them [9, 13, 14]. Unlike the traditional
view which considers that the complications related to
infinity are a result of its abstract nature, Ya. Sergeyev
argues that it is a result of our inability to distinguish
between its different sizes[14]. He claims that if we use
asharper lens which allows us to see these distinctions,
some complications related to infinity will vanish.

In order to illustrate his idea, Ya. Sergeyev con-
siders a numeral system used by an Amazonian tribe
called “Piraha” [15]. The Pirahas use a poor numeral
system for counting which consists only of: one, two,
and many. By using this weak numeral system, they are
unable to distinguish, make comparisons or perform
computations for quantities that are greater than two.
Analogously, the numeral system we work with, is suit-
able at the level of finite numbers, but does not allow
distinctions between different infinities and infinitesi-
mals. For this reason, we need a sharper lens to allow
these distinctions. In order to exemplify this analogy,
let us exchange the ‘many’ of the Piraha’s with “c0”.

For instance,

“many” + 1 = “many”, “many” + 2 = “many”,

“many” + “many” = “many”.

By exchanging “many” with “w0”, we arrive at rela-
tions that are used in the traditional calculus:

0+ 1=00,0+ 2 =00, 00+ 00=00.
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Mathematics), Distinguished Professor, Head of Numeri-
cal Laboratory, Department of Computer Engineering,
Modelling, Electronics and Systems (DIMES), University
of Calabria, Cosenza, Italy; Professor at the Department of
Mathematical Software and Supercomputing Technologies,
Lobachevsky State University, Nizhny Novgorod, Russia;
Research associate, Social And Complex Data Intelligence
(SCDI), Institute of High Performance Computing and Net-
working of the National Research Council of Italy, Rende,
Italy. ORCID: https://orcid.org/0000-0002-1429-069X;
e-mail: yaro@dimes.unical.it

The situation is similar when it comes to indeter-
minate forms:

“many” — “many” is indeterminate since there is
no fixed value of the “many”.

By exchanging “many” with “«©”, we reach at the
indeterminate form: “c0” — “o

The Arithmetic of Infinity introduces a new infinite
unit called “grossone” and denoted by (D.

”

@ is the number of elements of the set of natural
numbers, hence, Vne N, n< @.

N={1,2,38,..,0D-3 ®O-2,O -1, D} where
®-3,0O-2,D -1, and O are infinite numbers
that belong to the set of natural numbers.

D +1, ®+2, ... are infinite numbers that are not
elements in set N.

An extended set of natural numbers is as follows:

N={1,2,3,.D-1,0,D+1, D +2, .., 20,
2@ + 17 cec ey ®2_ 17 ®2, ®2+ 17 "'}

The infinitesimals are the inverses of (D) -based
infinite numbers.

It is postulated that the arithmetical properties that
hold for finite numbers hold for (D-based numbers[13].

An important contribution to the (0)-based metho-
dology is that it allows representing infinite and in-
finitesimal numbers in a positional numeral system
with infinite radix which is an extension of the system
in base ten. Therefore, writing a number in base ()
could be done in an analogous way to that of base 10.
For instance, 2(D) + 1 corresponds to the base (D) record:

2D+ D°[13].

In addition, using the grossone numeral system,
one can perform computations involving finite, infinite
and infinitesimal quantities providing accurate results
which is not the case when using traditional methods.
For instance [13],

3(O-N-2(0+4)=30-3-20-8=D - 11.

We point out that a computing software especially
designed for working numerically with grossone-based
numbers, has been developed. It is called “the Infinity
Computer” [14, 17].

Furthermore, using this methodology would elimi-
nate many indeterminate forms and paradoxical situa-
tions some of which will be shown in this paper™.

In order toclarify hisidea, Ya. Sergeyev presents an
example of counting the number of grainsin a granary
[14]. Due to our inability to count the grains one by
one, people use sacks and fill them with seeds and count
the number of sacks (it is supposed that all sacks can
contain the same unknown number of seeds). If there
are too many sacks, and we are not able to count using
only elementary units of counting (seeds), motor lorries

For detailed information visit: https://theinfinitycomputer.
com
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or train wagons are used (again, it is supposed that all
motor lorries can contain the same unknown number of
sacks, etc.). Though the number of seeds in each sack is
unknown, yet we can register any change to the nearest
one seed. For instance, the granary contains 12 wagons,
49 trucks, 56 sacks and 123 seeds. If we add one seed or
remove 2 trucks for example, we can detect the incre-
ment or decrement. The example of the granary refers
to a finite situation in which we are not able to count.
Nonetheless, we can extrapolate the idea of introducing
an unknown yet fixed value to the infinite case. Linking
with D, we can say that the set of natural numbers is
a sack that contains () elements.

It should be noted that this methodology has been
widely applied in many branches of mathematics and
computer sciences [9, 13, 14, 18—30]. Several studies
showed that this methodology is consistent and non-
contradictory [31, 32]. Moreover, this method has
proved its efficiency in several pedagogical studies
[11, 33-35, 36].

3.3. Paradoxes of infinity

In this section, we consider three well-known
paradoxes of infinity: Galileo’s paradox, Hilbert Grand
Hotel paradox and the Ping-pong ball conundrum. The
paradoxes are presented. Their resolutions are pre-
sented in two ways: the traditional methods and the
grossone method.

3.3.1. Galileo's paradox

Galileo’s paradox refers to the bijection established
between the set of natural numbers and its squares. Of
course, this result is paradoxical since for any natural
number, one can associate a corresponding square, yet
on the other hand, there are more natural numbers
than squares. A similar paradoxical situation arises
when establishing a bijection between the set of natural
numbers and the set of even numbers [28].

1 2 3 4
! ! ! !
2 4 6 8

In this study, we will consider comparing the set of
natural numbers and that of even numbers. According
to the traditional set theory, both sets are countable of
the same size, which is &,.

Now we present the situation from the grossone
point of view:

Werecall that the number of elements in set N is (.

® ® O
N={1,2,3,4,..—-1, =, = +1, ...,
{ 5 5" 3 @}
The set of even numbers:
E={2,4,6,8, ...,@—2, @}
2 2

1 2 3 4 @—1 @

2 2
! ! 7 0y i 7
2 4 6 8 -2 @

As illustrated above the count of the even num-
bers is % Comparing both methods, one can see that

the Arithmetic of Infinity allows expressing infinite
numbers, which gives an insight of the last element in
both sets and thus allows an accurate comparison of the
two sets. According to Ya. Sergeyev [28], this result
doesn’t contradict the traditional result; it only uses
a sharper lens to envision the situation. Analogously,
the Pirahas would say that a set of 5 objects and another
of 10 objects are both of the same size, which is “many”.
This is a correct but imprecise answer.

3.3.2. The Hilbert Grand Hotel paradox

A grand hotel that has infinitely many rooms has
no vacancy. How can a new guest be accommodated
in this hotel knowing that only one person is allowed
per room?

One of the traditional ways to solve this paradox
is to have the person in room 1 move to room 2 and the
person in room 2 to move to room 3 and so on. This can
be done since the hotel has infinitely many rooms. In
this manner, room number 1 will be available for the
new guest. In an analogous way, the result can be gen-
eralized and the Hilbert Grand Hotel can accommodate
countably infinite number of new guests.

Now we present the same paradox by using the
Arithmetic of Infinity methodology. We may suppose
that the hotel has () rooms, since the number of rooms
of the hotel is countable. If the guest in room number
1 moves to room number 2 and the guest in room num-
ber 2 moves to room number 3, and so on ..., then the
guest in room number (D will be out of the hotel since
the hotel contains () rooms. This is parallel to what
happens in finite cases and so this paradox is no more
a paradox [28]!

It should be noted that the traditional approach and
that of the Arithmetic of Infinity are not contradictory.
Both display the same result (it is possible to give the
newcomer room number 1) with the difference that
(M-based method goes further by showing what would
happen to the guest in the last room, which is not vis-
ible traditionally [28].

According to F. Caldarola et al. [30], Hilbert’s
paradox of the Grand Hotel brings about many semantic
problems and queries of a logical nature.In their debate,
they considered as an example the word “full” which
means in the common used language that there is no pos-
sibility to add more. Approaching this same paradox by
using grossone methodology, such conflictions no more
exist since if the hotel is filled with grossone guests,
then no more guests can be accommodated.

3.3.3.The Ping-Pong ball conundrum

Consider having an infinite set of Ping-Pong balls
that are numbered 1, 2, 3, .... You have to place the first
ten ballsin a huge barrel and then remove ball number
1. Next, you have to place balls numbered 11 to twenty
in the barrel and then remove ball number 2. The same
procedure is to be repeated over and over again. At the
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end of the experiment how many Ping-Pong balls are
left in the barrel?

In this paradox there are two infinite iterations tak-
ing place: the balls going into the barrel and the balls
going out of the barrel. Since the balls are numbered
then both sets of in-going and out-going balls can be
put into a one-to-one correspondence with the set of
natural numbers. These correspondences assure that at
the end of the experiment, the barrel would be empty.
The paradox lies in that there are more balls going in
than there are balls going out, yet at the end of the
experiment the barrel is empty!

Resolving this paradox using the (D-based method,
there are (D Ping-Pong balls (the balls are numbered).
In every step of the experiment, there are 9 balls in and
one ball out of the barrel. This means that the whole
procedure, will be done in () /10 stages. It is clear that
at the end of the experiment, there willbe 9 /10 balls
in the barrel and (D /10 balls out [16].

The grossone-based solution enables us to know at
the last stage, the number of balls inside and outside
the barrel in terms of (D). This result is compatible with
computations done with finite numbers, so the paradox
no more exists!

It is noted that the original version of the para-
dox requires the experiment to be done in exactly one
minute, starting from 30 seconds for the first stage,
and considering half of the remaining time for each of
the following stages successively. But in order to make
the paradox simpler, we have chosen not to consider the
time iterations.

4, Methodology

In this section, we describe the methods used in
this study as well as the sample and means of analyz-
ing the results.

4.1.Sample and setting

A group of 11 grade 12 students (general sciences
section”) were chosen arbitrary from an official second-
ary school in Lebanon (Ain-Zahalta). The study was
implemented at the beginning of the academic year
2021/2022. General sciences students were chosen for
the study, since they get exposed to topics related to
infinity in classical methods (limits, sequences, im-
proper integrals...)™. But since the study was done at the
beginning of the year, students’ direct experiences with
infinity were restricted to study of limits of functions.

4.2. Method

In the first phase of the study, the students were
introduced to each of the paradoxes (Galileo’s paradox,
Hilbert’s Grand Hotel and the Ping-pong ball conun-
drum) in the traditional way, without any mention of
grossone. The paradoxes were presented in increasing
order of complexity. After that, the students were

General sciences section refers to mathematics-majored class
in the Lebanese curriculum.
For more details, check: http://www.crdp.org

asked to work individually and write down their argu-
ments. For each paradox, after they handed in their
solutions, the normative solution was presented, and
the students were asked to jot down their reflections
on it.

Phase 2 of the study involved an introductory ses-
sion (an hour) of “The Arithmetic of Infinity”**”. The
methodology was explained in brief since teaching its
details are out of the scope of this study. The instruction
included introducing the grossone as the number of ele-
ments of the set of natural numbers. The illustrations
and examples provided by Ya. Sergeyev (Pirahas’ nu-
meral system and the granary example) were explained
to the students. In addition, the instruction included
writing infinite numbers in grossone-based system and
performing basic arithmetical operations with infinite
numbers and infinitesimals. Particularly, the Arithme-
tic of Infinity was explained in the same way as it was
introduced in this paper (see 3.2).

In the third phase, the students resolved the three
paradoxes used in phase 1 but this time using the new
methodology introduced to them. Each student pro-
vided a written response to the paradoxes.

For each paradox, the solution using grossone
methodology was presented and again the students
wrote their reflections individually.

As an illustration of the Hilbert’s Grand hotel
paradox, an interesting animation of it was played™ ™.

The data of this study was collected from the writ-
ten responses provided by the students before and after
being exposed to the new methodology.

5. Results

In this section we present and analyze students’
responses to the three paradoxes before and after be-
ing introduced to the grossone methodology, as well
as their reflections on both the normative solutions of
the paradoxes and then the grossone-based solutions.

5.1. Results by using traditional methods

5.1.1. Results of Galileo's paradox

It was no surprise that 10 out of 11 students consid-
ered that there are fewer even numbers than there are
natural numbers, specifying that it is equal to half. The
students used part-whole methods in their arguments.
Some of them even used a finite example as evidence and
extrapolated the result to the infinite case. One of the
students drew a Venn diagram showing that the set of
even numbers is embedded inside the set N.

One student wrote: “N=E + O < E=N - O, but

N
E=0s0E =—, whereE represents the number of evens,

O the number of odds”, — which shows that the intui-
tive thinking of sizes of infinite sets is similar to that
used in finite cases.

The content of the Introduction to the method was simulated
from: http://www.numericalinfinities.com
Animation available at: http://theinfinitycomputer.com

poees
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Only one student considered that the two sets have
the same number of elements. She wrote: “...although
there are missing numbers in the set of even numbers
like 3,5,7...but numbers are so many, they don’t end. We
can keep going on and on. So we can say that the two
sets are equal in number of elements but their values
are different”.

This student shows a conception of the process
of adding more and more elements to both sets at the
same time endlessly. This answer shows that the stu-
dent visualizes an endless process, having a concep-
tion that infinity is of one size so if the two sets are
infinite, they should be equal in size. This conception
was termed by F. M. Singer & C. Voica [37] as “single
infinity”.

5.1.2. Results of Hilbert's Grand Hotel paradox

A common reaction among all the students was
criticizing the paradox. Most students argued that
there can’t be infinite number of people since the
people on earth are no more than 7,8 billion, so the
new guest will have a room for sure. It was noticed
that though the students criticized the idea of infinite
people, they didn’t find the idea of infinite hotel impos-
sible. This result is compatible with that found in [8].
Only one student pointed out this idea. He wrote: “An
infinite hotel is impossible since the rooms will reach
a size bigger than the earth itself. Maybe they could
make layers on top, but it would exceed the earth’s
atmosphere and there will be no oxygen on the higher
rooms”.

Some students found the idea that a hotel is infinite
and full at the same time very conflicting. They argued
that if the hotel is infinite, then it can’t be full. This
shows the dominance of the process thinking of infinity
that most students possess. They cannot envision the
hotel as an entity in order to think of it as full or not.
APOSIy talking, encapsulating the process is a neces-
sary step that enables one to figure out the wholeness
of the process which yields to an object in which actions
and other processes could be applied.

Aligning with the results in [8], most students gave
non-mathematical arguments. One student argued that
the rooms could be not available due to maintenance is-
sues or they may be still under construction. Another
student suggested dividing a big room to two.

The process thinking (which refers to process level
of APOS) was central in almost all the arguments pro-
vided by the students. We present some of them:

e “The hotel cannot be full since we can add more

and more rooms”;

o “Ifwewantto find a room for the new visitor, it

will take days or even years to reach this room”;

o “We know that infinity has no end...”;

o “Infinity doesn’t stop”.

A student argued that if the rooms are infinite then
there should be infinite keys so the new guest should be
able to get a key. But he was stuck in finding the number
of the last room. He wrote: “We don’t know the number
of the last room occupied since it is infinite. Infinity

+I1=infinity. We can’t know what happens at infinity”.
It is noticeable that this student was the only one who
talked about the last room and also the only one who
used mathematical arguments in his answer. Despite
his attempt to encapsulate the process and view it as
a totality (which is an APOS level between the process
and the object) (see [38]), the traditional methods he
had learned (infinity + 1 = infinity) were not enough
for him to figure out the situation. His sentence: “We
can’t know what happens at infinity”, — is an evidence
of the need of a lens that is sharper than the one used
in the traditional methods.

5.1.3. Ping-Pong balls conundrum

Most students approached the problem by considering
a finite case and extrapolating it to the case of infinity.
This is similar to the way they have approached Galileo’s
paradox. For instance, a student wrote: “In the first stage
1to 10 balls areplacedin,then we remove ball number 1.
We still have 9 inside the barrel. In stage 2, 18 balls in
and we remove ball number 2. So we have 2 balls out. In
stage 3, 27 balls in and 3 out... Multiples of 9. Let n be
the number of the balls, thenn — (n/10 ) are the balls in
thebarrel.If n — o, we get o—w which isindeterminate”.

At first, when the student was explicitly writing
the number of balls in and those out in each stage, he
was thinking at the action level. Then he realized that
as the process continues, a multiple of nine balls is
inside the barrel without executing each stage, which
refers to processlevel of the APOS theory. The student
then was not able to figure out the completeness of the
process which yields to the construction of the final
object. The last part of his argument shows that the
usage of the traditional methods he had learned led to
an indeterminate form in which he couldn’t do anything
aboutit. So, he was stuck and stopped at this point. Here
again, students’ answers show the need for a more ac-
curate instrument in visualizing infinite numbers and
determining the indeterminate cases.

Other answers:

o “w—ow/10.Wecannot count them; it isimpossible
to finish putting in the balls because they are
infinite”;

o “We cannot calculate the exact number because
the number of balls is infinite. But we know that
the numberof ballsin the barrelis nine timesthe
number of balls out and the number of balls out
equal the stages in which we repeat the experi-
ment”;

o “We cannot determine the number of balls in or
those out. They are both infinite, but the infinity
of the ballsin islarger than the infinity of those
out”.

The answers provided by the students share a com-
mon idea, that thereis infinity of balls inside and outside
the barrel, and that the infinite balls inside are much
more than those outside the barrel. Some of the students
provided a fixed ratio between the balls in and those
out. Here the students showed a conception of different
sizes of infinity. Moreover, responding that the process
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cannot be finished, reveals a process conception and
adifficulty in viewing the totality of the whole process.

It is noted that the same student who had a concep-
tion of a single infinity regarding Galileo’s paradox
showed a conception of different sizes of infinity in this
paradox! The reason could be the context in which the in-
finity is presented. In Galileo’s paradox, numbers (which
are abstract) were the object under study, whereas Ping-
pong balls are objects found in real life. The result that
the conceptions of infinity are affected by the contextin
which infinity appears, was also shown in [39].

It is also interesting that the students didn’t criti-
cize the infinite number of balls and a barrel that could
contain them, unlike their objection about infinite
number of guests in the Hilbert Hotel’s paradox! This
is compatible with the findings in [8].

5.2. Results using Arithmetic of Infinity

After the brief introduction of the Arithmetic of In-
finity methodology, the students were asked to resolve
the three paradoxes according to this methodology.
An interesting result was that all the 11 students were
able to resolve Galileo’s paradox correctly. This maybe
because the solution of this paradox using grossone is
the same as their own solutions in phase 1.

Eight out of eleven students were able to solve cor-
rectly the Hilbert’s Grand Hotel paradox using gros-
sone methodology. It is noted that the students kept on
criticizing this paradox even after the normative and
the grossone solutions were provided. They continued
toargue about the impossibility of infinite guests. Simi-
larly, in[8], the students found the normative solution
impractical and not realistic.

The Ping-Pong ball conundrum is the most complex
paradox among the three paradoxes considered since
it requires coordination between two infinite itera-
tive processes. Six students out of the 11 were able to
provide a correct solution by considering the grossone
methodology, which is considered a good result in ac-
cordance to its complexity. It is noted that 3 students
out of the 6 who gave correct answers provided the
number of balls that will be out of the barrel at the end of
the experiment, though the number of balls left inside
the barrel was required. Maybe those students found
it easier to count the number of balls out of the barrel
since it is equal to the number of stages performed. But
after asking them individually about their response, it
was easy for them to tell the number of balls inside the
barrel at the end of the experiment as well. So, their
answers were considered correct. It was observed that
all the students except one, who were able to solve the
Ping-Pong ball conundrum were those who solved the
Hilbert hotel paradox correctly. This result is no sur-
prise since the paradoxes were presented in increasing
order of complexity.

It is noted that, by posing a last element to the set
of natural numbers, the Arithmetic of Infinity aided
the students in thinking of the totality of the set and
provide the answer accordingly, rather than focusing
on the process that doesn’t end.

6. Reflections on the solutions
of the three paradoxes

After both solutions (the traditional and the gros-
sone-based) were presented, the students reflected on
them in writing. Their arguments are summarized in
this section.

6.1. Galileo's paradox

Ten out of eleven students were not convinced by
the normative solution. They insisted on their answers.
Some of them used finite examples to show that the
solution doesn’t work and extended the result to the in-
finite case. One student used the proof by contradiction
method by showing that there are elements in N which
are not in the set of even numbers so they cannot be of
same size.

One student used an example to illustrate her idea:
“If we consider that the natural numbers are people
and the even numbers chairs. We want to give each
person a chair. The number of people is the double of
the number of chairs, so we will not be able to seat all
the people, even if they are infinite”.

Another response: “The problem is that we don’t
know what happens at infinity so we cannot tell if this
solution is right or wrong”.

The students found the Arithmetic of Infinity
method convincing, since the answer of the paradox us-
ing this method is the same as their intuitive answers.
Only one student was still suspicious about posing a last
element of set N, which is infinite.

6.2. Hilbert's Grand Hotel paradox

Nine out of the 11 students were totally convinced
by the grossone-based solution. One of the students
found both methods not convincing. She argued that
the paradox itself doesn’t make sense, since an infi-
nite hotel is impossible as well as an infinite number
of guests. She also criticized the grossone method for
labeling a last room of an infinite hotel.

Another student was not convinced by the grossone
method. According to him, not only one guest can be
accommodated but also 10 million, since infinity hasno
end and talking about a last room is not possible. This
student neglected the fact that the hotel is full in his
reasoning and still show a conception of a non-ending
process. But this same student was convinced by the
grossone-based solution of Galileo’s paradox! This as-
serts that students’ conceptions are altered according
to the context in which infinity is considered.

6.3. Ping-pong ball conundrum

As it is shown above, the students’ intuitive solu-
tion of this paradox is similar to the grossone-based
solution. Almost all the students were convinced by
it. Even the students who were not able to provide the
correct solution in grossone terms, were persuaded by
it. Only one student rejected the grossone methodolo-
gy (same student who rejected it in the two previous
paradoxes). But still, this student was not convinced by
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the normative solution either. She believes the number
of balls in the barrel would be infinite at the end of the
experiment but rejected specifying it in the grossone
method.

7. Conclusions

The results of this paper regarding the traditional
methods are similar to those found in previous research
on paradoxes [3—5, 8, 39]. For instance; the conflic-
tions faced by students, the frustration and escaping
to non-mathematical solutions, thinking at the process
level and failing to encapsulate the process, showing
different conceptions of infinity depending on the given
context (mathematical or real life situation), rejection
of the normative solutions of paradoxes related to in-
finity. However, this study added to the literature the
effect of the Arithmetic of Infinity method on students’
approaches, arguments, and solutions to paradoxical
cases involving infinity as well as their reflections and
points of view to both the normative and the grossone-
based resolutions.

Before being introduced to the grossone methodo-
logy, grade 12 students were not able to cope with
the paradoxes. Their responses show that the broad
meaning of the word “infinity” didn’t aid them to
evaluate the paradoxical situations presented to them.
On the other hand, 100 % were able to solve Galileo’s
paradox, 73 % were able to solve Grand Hotel para-
dox, and 55 % were able to solve the Ping-pong ball
conundrum using the Arithmetic of Infinity method.
The reason of this result is that the grossone metho-
dology is very similar to students’ naive intuitions
and isinline with their own reasoning and responses.
Therefore, they found these resolutions convincing,
unlike the normative resolutions that were rejected
by most of them.

Furthermore, introducing a last element to the set
of natural numbers, enabled thinking of the wholeness
of the set and helped in conceiving the processes related
to it as a totality. By this, the Arithmetic of Infinity
served in pushing students’ conceptions to think beyond
the process level of the APOS theory.

Aswe have seen from the results, the Arithmetic of
Infinity method had proven its efficiency in eliminating
paradoxical situations related to infinity. Further in-
vestigations on a wider sample of students and of more
advanced mathematical background could be beneficial
in confirming our findings.
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