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Abstract

In this article, possible ways of use of computers for the teaching of advanced sections of mathematics that traditionally belong to
undergraduate curricula, namely elements of calculus, number theory and abstract algebra are considered. Use of computer technologies
can help also to implement such approaches as genetic method and the use of various modes of representation in education. According
to cultural-historical theory of L. S. Vygotsky, computer technologies can be considered as the tool for the construction of concepts
in the process of learning. The most appropriate for teaching advanced mathematics are such computer algebra systems as Maple,
Mathematica, and various systems of dynamic geometry. We will consider the possibilities of Geogebra for the work with functions
at the initial stages of undergraduate calculus courses, namely for the work with concepts of limits and derivatives of functions.

Keywords: information technologies, computer algebra systems, Geogebra, algebra, number theory, calculus.

DOI: 10.32517/0234-0453-2019-34-1-50-55
For citation:

Safuanov 1. S., Chugunov V. A. Ways of use of computer algebra systems in the teaching of advanced sections of mathematics.
Informatika i obrazovanie — Informatics and Education, 2019, no. 1, p. 50—55.

Received: April 22, 2018.
Accepted: September 11, 2018.
About the authors

Ildar S. Safuanov, Doctor of Sciences (Education), Professor, Professor at the Department of Higher Mathematics and Methods of
Teaching Mathematics, Institute of Digital Education, Moscow City University; SafuanovIS@mgpu.ru; ORCID: 0000-0002-6580-0653

Vladimir A. Chugunov, Doctor of Sciences (Physics and Mathematics), Professor, Head of the Department of Higher Mathematics
and Methods of Teaching Mathematics, Institute of Digital Education, Moscow City University; chug@rambler.ru

Introduction

Information technologies more and more penetrate
mathematics teaching nowadays. In a digital era, when
students from early age join digital technologies such
as mobile devices (phones, tablets), home computers,
the Internet, these technologies, certainly, cannot stay
away from the teaching processes, in particular in
mathematical education. Experiments on the computer-
aided teaching have started more than half a century
ago. Computers are used in the teaching of mathematics
in many countries, for example, interactive activities
with computer technologies are used in mathematics
teaching in Singapore [1, 2].

Nevertheless, there are still no reliable confirmations
that use of computers in classrooms significantly
increases the results of teaching. Moreover, materials
of the PISA study of the last decades demonstrated
that the best results belonged to just those countries
that least used computers in the school teaching.
These are the countries of Southeast Asia: Japan,
South Korea and China that traditionally show the
best achievements in the PISA and TIMSS studies
[38]. From this fact, one can make a conclusion that
not the use of information technologies itself, but
rather effective methods of their use in mathematical
education is important for the improvement of results
of the teaching.

In this paper we will consider possible ways of use
of computers for the teaching of advanced sections of
mathematics that traditionally belong to undergraduate
curricula: elements of calculus, number theory and
abstract algebra.

In the last decades (since about 1984 when the
first package of computer algebra Macsyma intended
for broad application was published), researchers’
interest in use of computer technologies in the tertiary
education, in particular, in the preparation of teachers,
grows.

Davis, Hersh and Marchisotto [4] indicated the
following advantages and shortcomings of use of
computers in mathematical courses at the higher
school: “(1) the verification of mathematical statements
and identities; (2) the discovery of new facts
through computer experimentation and induction (not
mathematical induction); (3) the great successes and
occasional pitfalls of the computation process; (4) the
limitations imposed by the digital language as opposed
to the richer existential language of “full” mathematics;
(5) the extent to which one needs mathematical
knowledge and expertise beyond what is built into
commercial mathematical software; (6) the appreciation
of the computational infrastructure of our civilization,
an infrastructure that is often hidden from view”.

Some prominent researchers of mathematical
education created computer programs for the teaching



WKT B NPEAMETHOW OBJIACTW

advanced sections of mathematics: Tall [5]; Li &
Tall [6], Yerushalmi & Schwartz [7]; Yerushalmi &
Shternberg [8], Kaput & Rochelle [9], Dubinsky &
Leron [10]. Most interesting looked attempts to teach
using computers the topics, extremely difficult for
traditional teaching, for example, abstract algebra,
including group theory [11], and linear algebra [12],
and also attempts to use computers for the learning
of concepts by students [13].

Nevertheless, the most appropriate for the teaching
of mathematics (including its advanced sections) are
such powerful universal computer algebra systems as
Maple and Mathematica and also various systems of
dynamic geometry like Cabri Geometer and Geometer’s
Sketchpad. Freely distributed computer algebra system
GAP is suitable for teaching elements of abstract
algebra and mathematical logic.

In the last decades the leading positions in using
for teaching elementary and college algebra, geometry
and elements of calculus has been occupied by Geogebra
application.

Theoretical framework

The theoretical framework of our research is the
cultural-historical theory of L. S. Vygotsky [14] and also
the activity theory according to A. N. Leontyev [15, 16].

Use of computer technologies can help also to
implement such approaches as genetic method [17—19]
and the use of various modes of representation in
education [20, 21].

According to cultural-historical theory, computer
technologies can be considered as the tool for the
construction of concepts in the process of learning.

According to the theory of A. N. Leontyev [15,
p- 208—212], “any substantial activity answers a need
materialized in a motive; its main generators are the
purposes and corresponding actions... The task is just
a purpose given in certain conditions... By operations
we mean ways of realization of actions... Actions... are
correlated to purposes and operation to conditions... the
genesis of an action lays in the exchange of activities
and derives from the intrapsychologization of them.
Every operation is a result of transformation of an
action occurring as a result of its inclusion in another
action and its subsequent “mechanization”... Actions
are processes subordinate to the conscious purposes...
the operations... directly depend on conditions of
achievement of a concrete purpose”.

A. N. Leontyev [16] argued that actions on learning
concepts, as well as any actions, consist of operations,
which are almost unconscious or completely unconscious.
These operations are essentially “contracted” actions
with the concepts of the previous level of abstraction.
As M. A. Kholodnaya [22] noted, “a contraction is
immediate reorganization of the complete set of all
available... knowledge about the given concept and
transformation of that set into a generalized cognitive
structure”. Close to the Soviet conceptions of actions
and operations as contracted actions in mathematics
teaching is the APOS theory of E. Dubinsky [23].

Use of computer algebra systems
in the teaching of advanced sections
of mathematics

Some types of information technologies already
became habitual in the process of undergraduate
education in Russian Federation: for example, pocket
calculators, including scientific, graphical and
programmable ones. Teachers should not only take
this fact into account but also actively use calculators
as the additional tool for improving perception of a
subject by students. Use of pocket calculators in the
undergraduate educational process exempts students
from routine calculations freeing their attention for
substantial problems. Certainly, it is possible to use
pocket calculators when performing bulky calculations
like those in the Horner’s scheme for polynomials.

Powerful systems of computer algebra, for
example, Maple and Mathematica (and also Wolfram
Alpha online platform), can be effectively used in
tertiary mathematical education. These applications
facilitate calculations with complex numbers, including
approximate calculations and calculation of roots up to
the sixth degree. In linear algebra, it is possible to solve
systems of linear equations, calculate determinants,
and find eigenvalues and eigenvectors. Furthermore,
one can factorize polynomials and integers etc.

Very useful both for deepening and consolidation of
knowledge, and for the development of mathematical
thinking of students, by our experience, is students’
independent construction of computer programs
realizing algorithms found both in the main curriculum
and in additional parts, for example, in research project
assignments.

Certainly, performance of such tasks by students
within research projects appears more real. Recently,
students under our supervision have written programs
realizing following algorithms: linear representation
of the greatest common divisor (GCD) of two numbers;
decomposition of a rational number in the continued
fraction and calculation of its convergents; solving
linear congruences and linear Diophantine equations
with two unknowns using continued fractions; continued
fraction expansions of quadratic irrationals; calculation
of values of quadratic irrationals by their continued
fraction expansions; the “Chinese algorithms” (i. e.
algorithms based on the Chinese remainder theorem)
for integers and polynomials; construction of groups of
congruence classes and group of permutations, checking
their commutativity, search of their subgroups, checking
the normality of subgroups; finding rational roots of a
polynomial; solving equations of the 3rd and 4th degree;
representation of a symmetric polynomial as a polynomial
expression in elementary symmetric polynomials etc.

In the articles [20] and [24] we already described how
one can effectively use Geogebra for the introduction
of the function. Now we will consider the possibilities
of Geogebra for the work with functions at the initial
stages of undergraduate calculus courses, namely
for the work with concepts of limits of functions,
derivatives and the continuity of function.




ISSN 0234-0453 « UHOOPMATUKA N OBPA3OBAHUE - 2019 « N2 1 (300)

The examples are taken from the textbook “Algebra
and Elements of Calculus” by Mordkovich [25]. In
this textbook, the concept of the limit of a function
at the point is only described as the explanation of
the notation

lim 7(x) = b:

“..If values of the argument are chosen closer and
closer to the value x = a, then values of function
less and less differ from b .. At the same time,
emphasize that the point x = a itself is excluded from
consideration” [25, p. 150].

Using Geogebra we will make this explanation visual
and we will introduce a formal concept of the limit of a
function at the point, using computer technologies as
the tool in the learning activity of students.

Consider the function f(x) = x? and chose on the axis
Ox the point with x-coordinate x, = 2 and two points
A and B standing at the distance & (changing in this
case from 0 to 1) from x, to the left and to the right
respectively. The movement of the point A illustrates
approaching x, from the left, and the movement of
the point B illustrates approaching x,from the right.
Students are asked to analyze what will happen to the
values of the function on x-coordinates of A and B when
the slider d moves from 1 to 0, to write down the results
of the observations and to make a conclusion that the
closer x-coordinates of A and B approach x,, less the
values of function on these numbers differs from 4,
independently of the side of the approach (fig. 1, 2).

Thus, this task demonstrates that the value f(2) =4
of the function is the limit. Thus, the limit of the
function f(x) = x? as x approaches 2 is equal to 4:

limx2 =4
x—2

It is possible to consider also any other known
continuous function later and find the value of the
limit at the chosen point.

Through the work with this applet actions of
students are integrated into processes, and the limit
does not seem to students something abstract, but
rather the concrete concept thanks to geometrical
interpretation in Geogebra.

After that we consider the limit of the function
f(x) = x? + 1 at the point using the (e, 8)-definition:

We say that the number A is the limit of the
function f(x) at the point x, if for any ¢ > 0 there
exists § > 0 such that for all x such that |x—x,|<3
the inequality |f(x) - A|<e holds.

For this purpose, students are offered to work with
the following applet in which it is possible to change
both x, and values of ¢ and & (fig. 3).

After studying limits and before introducing a
concept of derivative function, authors of the textbook
suggest considering the tasks leading to the concept of
a derivative [24, p. 157]. Two examples are given: one
about the speed of the movement and the second about a
tangent to the graph of a function. We will consider the
solution of the second task using Geogebra program,
not only having calculated the slope of a tangent as it
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is asked by the task, but also tracking the interrelation

between a tangent and a secant.

Problem: On the graph of the function f (x) the
point is chosen. Find the slope of the tangent at this

point [24, p. 158].
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these points and also the tangent at A. Moving the

point B closer to A using the slider 2 = Ax, we see

the secant and the tangent.
After that it is possible to introduce the formal

Consider the function and chose the points A and

B on its graph (fig. 4). We construct a secant through

definition of a derivative.
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that the tangent is the limit state of the constructed
secant. The program allows also calculating slopes of
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Conclusion rem/links/546ded930cf2cd737995911e/A-graphical-

Our examples show how computer technologies can
help to realize the activity approach in the teaching
of advanced sections of mathematics, promoting
understanding and deep acquisition of theoretical
concepts. The experience of implementation of the
constructions and applets described in this article
show that they strongly improve the knowledge of
students as well as their attitude to advanced sections
of mathematics.
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BAPUAHTbI MIPUMEHEHUA

CUCTEM KOMMbIOTEPHOW AJITEGPDI
B OBYHEHUW YINYBJIEHHbIM PA3AEJIAM MATEMATUKHA

. C. CadyaHoB', B. A. YyryHoB'

! Mockoackuti 20podckoii nedazozuyeckuti yHusepcumem

129226, Poccus, 2. Mockea, 2-Ui Cenbckoxo3aticmeeHHwbll npoe3o, 0. 4, kopn. 1

Annomayus

B crarse paccMaTpUBAOTCA BO3MOJKHBIE IIYTHU MCIIOJIB30BAHUA KOMIIBIOTEPOB IJIA 06yqu1/Ia CJIOJKHBIM pasaejiaM MaTeéMaTUKH,

TPAAUIIMOHHO OTHOCAIIMMCS K IIPOrPDAMMaM BBICIIEH ITKOJIBI: 9JieMeHTaM MaTeMaTUYeCKOro aHAIn3a, dJIeMeHTaM TeOPUU Yuces u aod-
CTPaKTHOI anre6phl. Vcmob3oBanue KOMIBIOTEPHBIX TeXHOJOTHI MOYKET IIOMOUYb TaKJKe OCYIIeCTBUTE TaKWe MeTObl, KaK TeHeTUUeCKUit
TOJXOJ M MCIIOJIb30BAaHNE PA3IUUYHBIX CIIOCOOO0B MIPE/CTABICHNUS N3yUaeMbIX 00BEKTOB B 06pasdoBanuu. CorjaacHo KyJIbTYPHO-UCTOPUUE-
ckoit teopuu JI. C. BBITOTCKOr0, KOMIIBIOTEPHBIE TEXHOJOTUYM MOMKHO PACCMATPUBATH KAK WHCTPYMEHT s (OPMUPOBAHUSA TOHATUN
B mpoitecce obyuenusi. Haubosee mpucmocobeHbl A1 00yUYeHUs BBICIIIEH MaTeMaTHWKe TaKue CUCTEeMBbI KOMIIBIOTEPHON ajireOpbl, Kak
Maple u Mathematica, a Takke pasauuHbIe CHCTEMBI JUHAMUYECKOI reomerpun. [lokasansl BO3MOKHOCTH mporpaMmbl Geogebra s
paboTel ¢ GYHKIUAMYU HAa HAYAJILHBIX 9TAlaX BY30BCKUX KYPCOB MaTeMaTUUYECKOTO aHAJIN3a, B YACTHOCTU, IJs PAOOTHI C MOHATUAMU
PesiesioB U MPOU3BOAHBIX (DYHKITHIH.

Kniouesvie cnosa: nudopManoHHbIE TEXHOJOTUN, CUCTEMbl KOMIIbIOTEPHOI aire6psl, Geogebra, amredpa, Teopus 4uces, Mare-
MaTUUYEeCKUI aHaIU3.
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